Preliminaries & Introduction
We consider finite dimensional Banach spaces over the field K ∈ {R, C}. For some technical reasons we always treat K m for m ≤ n as a subspace of K n embedded on the first m coordinates. Let E = (K n , · E ) and B E be its (closed) unit ball. Given any compact, absolutely convex subset B ⊆ K n having 0 as an interior point, the Minkowski functional
is a norm on K n with unit ball B, i.e., B = B E with E = (K n , | · | B ). For the K n associated with the p -norm we denote the unit ball with B the Banach-Mazur distance where the infimum is taken over all isomorphisms u ∈ L(F, E). By compactness the infimum is attained for some u with u = 1, u −1 = d(F, E). In the case F = n 2 we write d E = d( n 2 , E) for the Euclidean (Banach-Mazur) distance. One can describe d E as the smallest real d for which exists an ellipsoid E with E ⊆ B E ⊆ dE. Every ellipsoid for which both inclusions hold with d = d E is called distance ellipsoid.
Clearly, for every n-dimensional Banach space E and every subspace F of E we have the lower estimate (1.1)
The distance ellipsoid of the Hilbert space n 2 is obviously unique. Moreover, the aforementioned Lemma 2.3 shows that in case
the John ellipsoid is the unique distance ellipsoid and d E = d. This holds in particular for spaces with enough symmetries [T, Section 15, 16] .
In general, distance ellipsoids are not unique. In the Section 2 we will show how to construct spaces with non-unique distance ellipsoids. A theorem of Maurey [M] shows that such spaces contain proper subspaces with the same Euclidean distance. In Section 3 we construct a Banach space with unique distance ellipsoid having this "Maurey property" and show that the spaces with non-unique distance ellipsoids are dense in the set of all such spaces.
With respect to the John and Loewner ellipsoid, it seemed to be of interest to study geometric properties of distance ellispoids. A theorem of Lewis [L] yields that there are at least two linearly independent contact points of E and B E , where E is an arbitrary distance ellipsoid of E. As our main result, we show in Section 4 that the geometric properties of distance ellipsoids are much worse than those of the John and Loewner ellipsoid. We construct Banach spaces E = (K n , · E ) such that the distance ellipsoids and the unit ball B E have precisely k linearly independent contact points, where 2 ≤ k ≤ n is arbitrary. In particular, there are n-dimensional Banach spaces such that the best distance ellipsoid has only 2 linearly independent contact points with the unit ball, i.e., Lewis' theorem is sharp.
Spaces with non-unique distance ellipsoids
Theorem 2.1 (Maurey [M] ). If an n-dimensional Banach space E has two different distance ellipsoids one can find two distance ellipsoids E 1 , E 2 with E 1 E 2 .
Lemma 2.2. Let 2 ≤ m < n be integers and F an m-dimensional Banach space with
Proof. (iii) We use the fact that the John ellipsoid of
. Also, direct calculation shows that B := {w 1 , w 2 , e 3 , . . . , e n } is an B n 2 -orthonormal basis satisfying e E = 1 for e ∈ B where w j := 1/ √ 2 (e 1 ±e 2 ) and e j denote the standard unit vectors. Now one derives B 
The lower estimate of (v) and the equality in (vi) follow immediately from (iii) and the geometric characterization of the John ellipsoid.
The Maurey property
Definition 3.1. An n-dimensional Banach space E is said to have the Maurey property if it contains an (n − 1)-dimensional subspace F with the same Euclidean distance, i.e.,
Theorem 3.1 (Maurey [M] ). Every n-dimensional Banach space E with non-unique distance ellipsoid has the Maurey property.
In particular, the distance ellipsoid of a 2-dimensional Banach space is unique. The converse of Maurey's theorem is obviously wrong, e.g., the n-dimensional Hilbert space E = n 2 has the Maurey property. Less trivial examples are given below by almost rotation invariant spaces. The next result shows that the Banach spaces with non-unique distance ellipsoid are dense within the Banach-Mazur distance in the set of spaces which share the Maurey property. Proposition 3.3. Let E be an n-dimensional Banach space with the Maurey property, n ≥ 3. For every λ > 1 we can find a Banach space E with non-unique distance ellipsoid and
Proof. W.l.o.g. we may assume that the Euclidean ball B n 2 is a distance ellipsoid of E and the subspace
since the Euclidean balls are distance ellipsoids of E and F . Also, B E ∩ K n−1 = B F shows that F is a subspace of E and Lemma 2.2 leads to
To see that E is a distance ellipsoid of E it remains to prove the inclusion
where we used λ/d E ≤ 1 to obtain (3.3).
n , are isometries of E. (ii) Further, E is almost rotation invariant if the norm · E is invariant in the last n − 1 components under unitary matrices, i.e., (3.4)
x E = U x E for all x ∈ K n and unitary matrices U ∈ K n×n with U e 1 = e 1 .
Geometrically, the ball B E is determined by its 2-dimensional section B F = B E ∩ K 2 and given by rotation around the x 1 -axis.
Proposition 3.4. The distance ellipsoid E of an almost rotation invariant Banach space
for some scalars a 1 , a 2 > 0, the unique distance ellipsoid of E is
and the unique distance ellipsoid of F is just the intersection E ∩K 2 . Moreover, the Euclidean distances of E, F and the (real) Euclidean distance of F are equal, i.e.,
In particular, E has the Maurey property.
The proof uses the following lemma, whose elementary proof is left to the reader.
Lemma 3.5. Let E ⊆ K n be an ellipsoid which is sign invariant, i.e., ∆(E) = E for all
Proof of Proposition 3.4. Notice that the norm · E is sign invariant. With respect to Lemma 3.5, the unique distance ellipsoid of the 2-dimensional subspace F is given by
for some b j > 0. The same argument yields that the unique distance ellipsoid E F of F is given as in (3.5). First, we see that
On the other hand E from (3.6) satisfies E ⊆ B E ⊆ d F E since E and E are almost rotation invariant. Hence, d E = d F and E is a distance ellipsoid of E. To see that E is unique we fix a distance ellipsoid E of E. For every unitary matrix U ∈ K n×n with U e 1 = e 1 we consider the 2-dimensional subspace F U := span K {e 1 , U e 2 }. Since E is almost rotation invariant, U is an isometry from F onto F U . Thus, U (E F ) = E ∩F U = E ∩F U since all give the unique distance ellipsoid of F U . This leads to E = E .
Example 3.6 we provides a Banach E space whose unique distance ellipsoid is the Loewner ellipsoid, although John and Loewner ellipsoid are not homoethetic. -By duality the unique distance ellipsoid of the dual space E * is its John ellipsoid and both ellipsoids, i.e., John and Loewner ellipsoid, are not homoethetic. 
Lewis' Theorem about contact points
Theorem 4.1 (Lewis [L] ). Let E and F be n-dimensional Banach spaces and u ∈ L(F, E) be an isomorphism with u = 1,
Corollary 4.2. For any n-dimensional Banach space E with distance ellipsoid E, we have
Remark 4.1. Corollary 4.2 in combination with Theorem 2.1 of Maurey gives another proof that the distance ellipsoid of a 2-dimensional Banach space is unique.
Theorem 4.3. For every 2 ≤ k < n and
2 is the unique distance ellipsoid of E n k and we have
and E ⊆ B n 2 for every further distance ellipsoid of E n k . Therefore, we have
2 of E n k . Also, the explicit construction of E n k and E n k leads to the following properties.
(
k and E n k have the Maurey property. We give the proof by explicit construction of the unit balls of E n k resp. E n k . This is done in several steps. The main idea is the definition of a 2-dimensional real space E 0 = (R 2 , | · | A ) in Assertion 1 to construct the unit balls more or less by rotation.
x 2 = 1 = |x| A 0 = ± e 1 , ±e 2 , (iii) every ellipsoid E ⊆ A 0 with ±e 1 ∈ E can be written as
we infer that A 0 is closed and absolutely convex and (i) -(iv) follow by direct calculation using the fact that α ≤ d − 1. Assertion 2. A 1,β := abs conv(A 0 , βe 2 ), 1 < β ≤ d, E 1,β := (R 2 , | · | A 1,β ) defines a sign invariant Banach space which shares properties (i), (iii), and (iv) with E 0 , but there are only ±e 1 as contact points between A 1,β and B 2 2 , i.e.,
Remark 4.2. For the construction of E n k we will use arbitrary 1 < 1 + α ≤ min{ √ 2, d} and β = d, whereas E n k is constructed with β := min{ 3/2, (d 2 + 1)/2}, α = β − 1. See Assertion 6 resp. Assertion 7 below.
We shall use the following obvious lemma to obtain the the next assertion.
Lemma 4.4. Let F = (R 2 , · F ) be a sign invariant real Banach space and define
Then, (i) E is an almost rotation invariant Banach space and the real subspace span R {e 1 , e} with arbitrary e ∈ span R {e 2 , . . . , e n } is isometric to F (via rotation),
as in Lemma 4.4 with F = E 1,β . Denote with A 2,β the ball of E 2,β . Then, the Banach space E 2,β is sign invariant and has the following properties.
for any e ∈ span R {e 2 , . . . , e n }, the real subspace span R {e 1 , e} is isometric to E 1,β .
The next step shall use the following simple interpolation lemma, whose proof is left to the reader.
Then, the norms of X resp. Y are given by
) gives a sign invariant Banach space E 3,β := (K n , | · | A 3,β ) with the following properties.
iii) the real subspaces span R {e 1 , e} with e ∈ span R {e k+1 , . . . , e n } are isometric to E 1,β .
Proof. Obviously, A 3,β is an absolutely convex, compact set which satisfies (i) and (iii). Thus, | · | A 3,β is a norm and B k 2 ⊆ K 3 . Simple interpolation yields (4.11)
To get the converse inclusion in (ii) let x ∈ K n with |x| A 3,β = 1 = x 2 . In particular, we have |x j | ≤ 1 for all 1 ≤ j ≤ n, whence x ∞ /d < 1. We consider the other two cases. If |x| A 2,β = 1 Assertion 3 implies x = λe 1 with a suitable λ ∈ S K . Otherwise, (x j ) k j=1 2 = 1 leads to x j = 0 for k + 1 ≤ j ≤ n.
Due to (i) the Banach space E 3,β has Euclidean distance d E 3,β ≤ d. The easiest way to get the equality is to embed a subspace F with distance d F = d. This is the last step of our construction.
Assertion 5. Define A 4,β := abs conv(A 3,β , B) with B := abs conv(B
is a sign invariant Banach space with the following properties.
= d and the Euclidean ball is a distance ellipsoid of E n k,β , (ii) every distance ellipsoid E is contained in B n 2 , i.e., E ⊆ B n 2 , and satisfies E ∩K k = B k 2 , (iii) K 4 := x ∈ K n x 2 = 1 = |x| A 4,β ⊆ B k 2 , dim K span K K 4 = k, (iv) the real subspace span R {e 1 , e} with e ∈ span R {e k+1 , . . . , e n } is isometric to E 1,β , (v) E n k,β has the Maurey property, since d E n k,β
Proof. For abbreviation we write E = E n k,β . Again, it is trivial that B E = A 4,β is a sign invariant Banach space with B , and we obtain (iii). For the remaining part of (ii) we apply induction over n and 2 ≤ k < n. To start the induction we consider arbitrary n ≥ 3 and k = n − 1. Let E be a distance ellipsoid of E. We have already seen E ∩ K n−1 = B n−1 2
